Abstract. The Properties of the Mott insulator to superfluid phase transition are obtained through the fermionic approximation in the Jaynes-Cummings-Hubbard model on linear, square, SC, FCC, and BCC Bravais lattices, For varying excitation number and atom-cavity frequency detuning. We find that the Mott lobes and the critical hopping are not scalable only for the FCC lattice. At the large excitation number regime, the critical hopping is scalable for all the lattices and it does not depend on the detuning.
However, they only derived the results for one-dimensional lattices.
Despite the experiments involving optical structures in three dimensions, only a few theoretical results regarding these lattices in dimensions greater than one is available in the current literature [15] . It lacks a systematic presentation of the phase diagram of typical Bravais lattices. This is the purpose of the present paper. Here, we investigate the JCHM for different Bravais lattices in one, two and three dimensions and analyse the influence of the topology on the MI-SF phase transition. We use the approach introduced by Mering et al. [14] .
The paper is organized as follows. In Section II we introduce the JCHM. In Section III we present the fermionic approximation. Results are presented in Section IV. Finally, IN Section V, we summarize our main results and conclusions.
Jaynes-Cummings-Hubbard Model
The JCHM hamiltonian for a lattice of L atoms is given by (h = 1)
whereσ ± =σ x ± iσ y andσ x,y,z are the usual Pauli matrices,â j (â † j ) is the annihilation (creation) operator of the light mode at the jth atom, ω is the light mode frequency, and ǫ the atomic transition frequency. The light-atom coupling is represented by g, t is the hopping integral, and ij denotes pairs of nearest-neighbour atoms on the lattice.
When t = 0, the Hamiltonian (1) is decoupled into L independent Jaynes-Cummings model Hamiltonians. In this case the system has well-known eigenstates [16] . For t = 0, the atoms becomes coupled thus increasing the complexity of the solution, Since we can not write the eigenstates of the whole system as a direct product of single-cavity eigenstates. As discussed in the introduction, an appropriate approach is the fermionic approximation recently introduced by Mering et al. [14] .
The Fermionic Approximation
The fermionic approximation consists in replacing the spin operators by fermionic ones, i.e.,σ
In this framework, we can rewrite Hamiltonian (1)
This approximation allows to solve the model exactly, by means of a Fourier transformation. For t = 0, spin and fermionic operators are equivalent and then the approximation becomes exact. Therefore, for small values of t this approach turns out to be very accurate when dealing with the JCHM [14] .
Now we apply a Fourier transform to the fermionic and bosonic operators aŝ
then the Hamiltonian can be written aŝ
where ω k = ω-ν k and ν k is the dispersion relation of the Bravais lattice.
The Hamiltonian (4) corresponds to a sum of L independent HamiltoniansĤ k (Ĥ = kĤ k ), where each of them is associated with a particular momentum k. The ground-state energy ofĤ k is given by
where the superscript denotes the excitation number and ∆ ≡ ǫ − ω is the detuning between atomic trantition and light frequencies. Notice thatn k commutes withĤ k . For a total excitation number N (N = k n k ) we have a particular configuration {n k1 , n k2 , n k3 , ...} that minimizes the total ground-state energy, k E n k k . For t ≪ 1, it is easy to see that this configuration is {n, n, n, ...} corresponding to the Mott insulator state. By increasing t, a quantum phase transition takes phace and the system is driven to a superfluid state. Since n is constant, the phase boundaries of the Mott lobes are n dependent. Thus, the nth Mott lobe is obtained through an analysis of the particles
, and the hole one, 14, 17] , where k ′ and k are, respectively, the values that minimize and maximize these potentials.
For µ + = µ − , the Mott lobe is closed at the critical hopping, t c , hence describing the MI-SF transition.
In order to analyse the influence of Bravais lattices topology on the MI-SF transition, we study the one-dimensional 
and
where a is the lattice constant. For each structure we found the momentum vectors that maximizes the hole chemical potentials and minimizes the particle ones in order to obtain µ − , µ + , and consequently the Mott phase boundary. we observe that the critical hopping reaches a maximum at ∆ = ∆ m . For this particular detuning value, when n increases the critical hopping decreases, as predicted in [14] . This behavior is present in both structures. Figure 4 shows the critical hopping as a function of n for ∆ = 0.
The properties expressed by both lattices are again qualitatively equivalent where there is only one gap between the two curves. Figure 5 presents the detuning values cor- responding to the maximal critical hopping as a function of n. We can observe that, except for the n = 1 case, where the t c maximum is associated with the detuning minimum, The critical hopping correspondent detuning is approximately null.
By performing an asymptotic approach to large excitation number, n ≫ 1, we can find the dominant term of the critical hopping which is given by
where we obtaind = 4 for the FCC and BCC lattices where it corresponds to the hypercubic lattices dimentions, i. e., 1 for linear, 2 for square, and 3 for the SC lattice. It is important to emphasize that at the large-n regime, the detuning and the topology class (bipartite or non-bipartite) influence on the critical hopping t c is suppressed. Figure 6 confirms the prediction of the equation
(11). It shows that the exact results are in excellent agreement with the asymptotic ones for n > 4.
Conclusions
We have studied the properties of the MI-SF phase transition for the Jaynes-Cummings-Hubbard model over several Bravais lattices by means of the fermionic approxima- n for null delta and in ∆ m vs. n where treir quantitative difference tends to be smaller as n increases. Furthermore, we observed that not only the number of neighbors influences the MI-SF phase transition but also does the lattice topology.
The FCC lattice shows a behavior quantitatively different and non-scalable from bipartite lattices. On the other hand, asymptotic results for large excitation number indicate an universality on t c because it obeys a power law in n which does not depend on ∆ and topology associated parameter can be rescaled for different classes through a multiplication of t c by an effective parameter that corresponds to the dimension, for hypercubic, and to 4, for BCC and FCC lattices.
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